We derive an analytical expression for extracting the gravitational waveforms at null infinity using the Weyl scalar ψ4 measured at a finite radius. Our expression is based on a series solution in orders of 1/r to the equations for gravitational perturbations about a spinning black hole. We compute this expression to order 1/r 2 and include the spin parameter a of the Kerr background. We test the accuracy of this extraction procedure by measuring the waveform for a merging black-hole binary at ten different extraction radii (in the range r/M = 75 − 190) and for three different resolutions in the convergence regime. We find that the extraction formula provides a set of values for the radiated energy and momenta that at finite extraction radii converges towards the expected values with increasing resolution, which is not the case for the 'raw' waveform at finite radius. We also examine the phase and amplitude errors in the waveform as a function of observer location and again observe the benefits of using our extraction formula. The leading corrections to the phase are O(1/r) and to the amplitude are O(1/r 2 ). This method provides a simple and practical way of estimating the waveform at infinity, and may be especially useful for scenarios such as well separated binaries, where the radiation zone is far from the sources, that would otherwise require extended simulation grids in order to extrapolate the 'raw' waveform to infinity. Thus this method saves important computational resources and provides an estimate of errors.
I. INTRODUCTION
Perturbation theory about black-hole backgrounds and fully nonlinear numerical simulations of the Einstein field equations provide complementary approaches to solving important problems in Relativity. A few examples of the synergy created by using the two together include the use of perturbative boundary techniques for a fully nonlinear simulation far from the sources as a way of propagating most of the radiation out the simulation domain [1] and the now classical Lazarus approach [2] [3] [4] [5] [6] [7] that extracted spatial information from a short lived full numerical evolution to provide initial data for a subsequent perturbative evolution of a single rotating black hole.
With the breakthroughs in numerical relativity [8] [9] [10] , complete simulations of inspiraling black-hole binaries became possible. However, even in this case, the spacetime far from the sources (more precisely, in the wavezone) can be described by black hole perturbation theory. Here we will exploit this fact to analytically propagate the waveform from a fully nonlinear simulation, but measured at finite distance from the sources, to null infinity.
Over the last few years several of these waveform extraction techniques have been developed. The most straightforward strategy would be to have the numerical domain extend very far from the sources and extrapolate the waveform measured at far distances to infinity. This can be achieved at reasonable computational efficiency using pseudo-spectral decomposition of the fields [11, 12] , or by using multi-patch techniques [13, 14] .
A more sophisticated waveform extraction technique, and one that produces a true gauge invariant signal, is CauchyCharacteristic extraction (CCE) [15] [16] [17] . In this technique, the metric and its derivatives on a timelike worldtube are used as inner boundary data for a subsequent characteristic evolution. As the characteristic evolution includes null infinity, the waveform obtained is exact (up to truncation error). A complementary approach to CCE is to evolve the spacetime on surfaces that are spacelike in the interior but asymptote to null slices that intersect, I
+ , null infinity [18, 19] .
An alternative extrapolation method consists of using the results of perturbation theory to propagate waveforms obtained at finite radii (but in the radiation zone) to infinity. Treating the background spacetime as a perturbation of Schwarzschild, which will be accurate in the wavezone, leads to a simple explicit formula relating ψ 4 at infinity with the finite radius ψ 4 and its time integral. For more details, see Ref. [20] , Eq. (53). This method has been proven to correct for the next-to-leading 1/R obs term in R obs ψ 4 (t, R obs ) [16, 21] using only a single observer radius and displays a significantly reduced level of extrapolation noise, when compared to the standard polynomial extrapolation. The errors produced by this method can be estimated by applying it to different extraction radii. We applied this method to the q = 10 case in Ref. [22] and found good agreement (but with significantly reduced noise) between the perturbative and standard extrapolation technique used in this paper.
In this paper we expand upon this method by including higher-order [O(1/r
2 )] and rotation effects for extracting or extrapolating fields from an intermediate distance to infinity via a perturbative, analytic expansion. This method is relatively simple to implement, yet it is accurate enough for most applications. This includes cases of large-separation binaries with long orbital periods leading to wave zones extending beyond several thousand M (see for instance Ref. [23] where evolution of a binary separated by 100M led to waveforms with 6400M periods), as well as studies of the scattering of two black holes starting far apart to measure small scattering angles [24] and high energy collision of black holes [25] , which require extractions at large distances from the sources. Another circumstance when this extraction method can be of use is when more physical scales need to be resolved. Such is the case when matter surrounds black holes [26] or when one tries to simulate a hybrid systems involving neutron stars and black holes or binary neutron stars [27] .
The paper is organized as follows. Section II discusses the extraction of gravitational waves propagating as a perturbation on the asymptotic Schwarzschild background with O(1/r) corrections included in Sub-Sec. II A and O(1/r 2 ) corrections in Sub-Sec. II B. In Sec. III we include the effects of the spin in the background. Linear corrections in the spin in Sub-Sec. III A. In Sub-Sec. III B we correct the extractions of the Weyl scalar ψ 4 for a nonconventional choice of the tetrad used in full numerical simulations. While in Sub-Sec. III C we collect together a definitive formula to include all effects together. This formula is capable of extracting numerical ψ 4 relatively close to the sources and extrapolate waveforms to infinity with accuracy, particularly for its phase and amplitude. Section IV contains explicit expressions for the radiated energy and momenta (along the z-axis) based on the extrapolated waveforms. In Sec. V we apply those equations into a case study of full numerical evolution of binary black holes. We choose ten extraction radii in the intermediate radiation region and evolve with three different resolutions in the convergence regime to study the effects of finite resolution on the extrapolated quantities. We finish the paper with a brief discussion in Sec. VI of the range of applicability of our results.
II. PERTURBATION IN A NONSPINNING BACKGROUND
In this section we derive expressions relating the Regge-Wheeler-Zerilli (RWZ) [28, 29] functions at finite radius to their values on I + in the Schwarzschild (mass M ) black hole perturbation. Then, using these expressions, we derive expressions for the Weyl scalar ψ 4 at I + based on its values at finite radii. We always work in the first order perturbative regime, i.e. no quadratic terms in the perturbations around the black hole background are included, and expand the solutions asymptotically in powers of 1/r.
A. First-order corrections: (1/r)-terms
The Weyl scalar, ψ 4 , in an asymptotically flat tetrad, like Kinnersley's [30] , is related to the strain at large radii by
Similarly, the RWZ even and odd parity functions are related to the strain on at large radii by
where Ψ are the even and odd parity wave functions, respectively, and −2 Y m denotes the spin(−2)-weighted spherical harmonics (see, e.g., review papers [31] [32] [33] [34] ).
The asymptotic values of ψ 4 and the RWZ wavefunctions can be related to their values at finite radii by examining the asymptotic behavior of the relevant wave equations. For the RWZ wave equations we get,
for general modes, where H m is the strain observed at infinity, and r * = r + 2M ln[r/(2M ) − 1]. An error due to finite extraction radii arises from the integral term in Eq. (3). Inverting the above relation, we have [20] 
Similarly, if the Weyl scalar,
satisfies the Teukolsky equation [35] in the Schwarzschild background spacetime, then the asymptotic behavior of ψ is given by
where the difference betweenH m and
defined from Eq. (3) is only a numerical factor, and we have the relation by using Eqs. (1) and (2) as
Inverting Eq. (6), we get r ψ
To see the phase and amplitude corrections by using the above formula, we assume
in Eq. (3). Then, the RWZ functions at a finite extraction radius are given by [36] 
where δφ m is defined as
Therefore, the phase correction from the perturbative formula has O(1/r). On the other hand, from Eq. (10) the amplitude correction will be O(1/r 2 ) which we have ignored here. This result is consistent with Refs. [37, 38] , and also has been observed in the black hole perturbation approach [39, 40] . This above analysis is also applicable to the Weyl scalar. In the next subsection, we extend the perturbative formula to order 1/r 2 .
B. Second order corrections: (1/r 2 )-terms
In this subsection, we discuss the next order correction of ψ m 4
in the 1/r-expansion, first on a Schwarzschild background. The starting point is the RWZ formalism and Eq. (3) is extended to order 1/r 2 . For the even parity function, we have
and for the odd parity function,
There is a difference between the even and odd parity functions at order 1/r 2 due to the difference in the potentials of the RWZ equations.
Next, we convert the above even and odd parity functions into the Weyl scalar. Using Eqs. (C.1) and (C.2) in Ref. [33] and taking care of the definitions in Eqs. (1) and (2), we obtain
where the dot denotes the derivative with respect to the retarded time (t − r * ). The functions ψ +/− 4 m are defined in Eq. (13) of Ref. [33] and are the symmetric and antisymmetric Weyl scalar fields, respectively. It is natural to have the same asymptotic behavior for the Weyl scalar fields.
Combining the above ψ 
Inverting this equation, the perturbative formula extended to order 1/r 2 becomes r ψ
The above relation is valid for the extrapolation of the ψ 4 in the Kinnersley tetrad. Next we will consider the corrections due to spin and the use of a tetrad used in numerical relativity (NR) at a finite r and its decomposition into ( , m) modes.
III. IN SPINNING BACKGROUND
In this section, we include the spin dependence in the Teukolsky formalism [35] 2 ) to derive a perturbative extrapolation formula from the frequency domain analysis. For example, when the extraction radius is r = 100M for a = M , the rough error estimation gives 1/(ωr) 3 = 0.237% and (aω) 2 = 0.563% at ω = 0.075/M , respectively. This frequency is a reference to produce a hybrid post-Newtonian (PN)-NR waveform for the ( , m) = (2, 2) mode in the Numerical INJection Analysis (NINJA) project [41] .
A. Background spin correction
First, we focus on the Teukolsky's wave function.
It is noted that we have used the spin-weighted spheroidal harmonics ( −2 S aω m (θ, φ)) in the Teukolsky formalism, while the spin-weighted spherical harmonics −2 Y m are used in the NR simulations. The spin-weighted spheroidal harmonics, which are the solution of the angular Teukolsky equation, can be expanded as [42] 
where the coefficient c m has a non-zero value only for = ± 1,
The radial Teukolsky equation in the frequency domain gives the asymptotic solution,
H mω is related to the waveform at infinity. 
Therefore, the spin-weighted spherical harmonic expansion becomes
B. Use of the full numerical tetrad
Eq. (8) in the nonspinning case relates the Weyl scalar ψ 4 at a finite radii with the scalar at infinity. The preferred tetrad in perturbation theory of black holes is the Kinnersley tetrad [30] that make use of the algebraic specialty of the Kerr background where ψ 4 vanishes. On the other hand, in full numerical relativity, the lack of a reference background makes this choice ambiguous and another tetrad, labeled 'NR', is conventionally used. This variant of the 'psikadelia' tetrad is described in Ref. [4] .
Using Eq. (2.15) in Ref. [7] , we check the tetrad dependence. Assuming the peeling theorem (ψ 4
After recasting the relationship between −2 Ψ and ψ 4 in terms of the NR ψ 4 , we get
where we have ignored various cross terms again. The spin-weighted spherical harmonics expansion then becomes
where C m m is defined as
and has a non-zero values for = and = ± 1 with m = m given by
(see also Appendix A of Ref. [43] ). Because of the above result, we may consider C m m = C m m .
C. Improved extrapolation formula
Comparing Eqs. (22) and (25) in the time domain, we havë 
The above formula (29) is our definitive equation for extrapolation of the waveform at finite radii to order 1/r 2 . It involves the first order correction in the mass (Schwarzschild-like) and spin (Kerr-like) of the sources, and corrects for the differences between the numerical and Kinnersley tetrads.
On the other hand, we have proposed an extrapolation formula to order 1/r in [36] r ψ
Since we did not take care of the difference between the spin-weighted spheroidal and spherical harmonics in the above equation, the spin correction is different between Eqs. (29) and (30) . In the equations above r is the areal radius (Schwarzschild coordinate in the nonrotating case). In the standard numerical simulations we use R NR that asymptotically behaves more like, R, the 'isotropic' radial coordinate, hence in Eq. (29) we typically use r = R (1 + (M + a)/(2R)) (1 + (M − a)/(2R)). Alternatively, one could also compute directly the areal radius from the full numerical simulation via r = A(R)/4π, where A(R) is the measure surface area of the 'sphere' R = const.
IV. ESTIMATION OF THE RADIATED ENERGY AND MOMENTA
Using the improved extrapolation formula in Eq. (29), we derive extrapolation formulas for the radiated energy and momenta which are calculated from the Weyl scalar ψ 4 as [44] 
Here, we focus only on the z component for the angular and linear momenta, and have used the normalization of ψ 4 as Eq. (1). C m m is the same as in Eq. (26). Inserting Eq. (29) into the above expressions, we obtain the extrapolation formulas
where Φ m = rψ NR 4 m (t, r) and we have ignored [higher order] terms described below Eq. (20) . In order to simplify the expressions and to reduce the order of integration with respect to time, we have used the frequency domain analysis. In the expression of the radiated linear momentum, we take the sum over and m as = , ± 1 and m = m. It should be noted that the ( , m) mode denotes the index of the spin-weighted spherical harmonics. There are order 1/r corrections for the radiated energy and angular momentum that is different from Ref. [36] because of the tetrad difference.
V. FULL NUMERICAL IMPLEMENTATION
In order to evaluate the actual benefits of the analytic expression (30) for the extrapolation to infinity of gravitational waveforms extracted at a finite radii in a typical full numerical setting we consider the test case described in Table I . We perform three sets of runs with increasing global resolution in the convergence regime and we extract waveforms at ten different radii, evenly separated as 1/r. TABLE I. Initial data for our test case. The binary's parameters were estimated using quasicircular orbits. In this work, we use a grid structure with 10 levels of refinement. The outer boundary was placed at 400M and for the medium resolution run the resolution was 4M on the coarsest level and 1M in the wavezone. The finest level around each BH was as wide as twice the diameter of the relaxed horizon. We also performed a lower and higher resolution run with resolutions in the wavezone of M/0.88 and M/1.2.
The simulation results will depend on the extraction radii as well as on the truncation errors due to finite resolution. Hence we consider different resolutions and extraction radii and extrapolations to null infinity. In this paper we used extraction radii up to R obs /M = 190 and locate the extraction radii equidistant in 1/R, with R obs /M = 75, 80.4, 86.7, 94.0, 102.6, 113.0, 125.7, 141.7, 162.3, 190.0.
We directly compared waveforms extracted with the characteristic method to our extrapolation formula, Eq. (8), in Ref. [16] , Figs. 8-9 , and to purely numerical extrapolations in Ref. [22] . There we observed an excellent agreement with our analytic expression at first order in 1/r for the phase, as predicted by the error analysis of Eq. (11) . The improvements in the amplitude are of higher order as shown in Eq. (10) . In order to supplement those studies, here we focus on the integral expressions for the energy and momenta radiated at infinity. The results of such studies is displayed in Figs. 1-3 . The radiated quantities are calculated using all modes up to = 6 where the news and strain are calculated via the fixed frequency integration [45, 46] .
In Fig. 1 we observe the computed radiated energy directly from the finite radii extraction that we denote as 'Raw'. The figure displays the different extraction radii, evenly distributed versus M/R obs for the three finitedifference resolutions considered, denoted as Low, Medium and High. We provide a Richardson extrapolation to infinite resolution (3rd order) for each observer location value based on those three resolutions and also the value of the total radiated energy as inferred from the subtraction of the final horizon mass to the initial ADM mass of the system (denoted by the thick straight line). This measure of the final black hole mass, is very robust (at this scale) with increasing resolution and provides a very accurate measure as well as a consistency check of the extraction process. We observe that for the 'Raw' extraction increasing resolution (particularly for the closer to sources observers) brings the results further apart from the reference value inferred by the final horizon mass. To get consistency, one needs to first extrapolated to infinite observer location and then to infinite resolution.
The second panel of Fig. 1 displays the same computation of the radiated energy, but after extrapolation of the waveforms via Eq. (8) . We use the extrapolation at each observer location. We would expect that the dependence of the estimated energy radiated with the observer location is weaker since we are correcting for the 1/r behavior and only higher power dependencies should appear. We indeed observe flatter curves at all three finite-difference resolutions for this case compared to the 'Raw' extraction. The second feature is that at a single observer location the values converge towards the horizon value with increasing resolution. This is a desired feature, especially for a more demanding simulation where one only has access to accurate extraction in the intermediate zone between the sources and the radiation zone. The third panel shows the extrapolation carried to order 1/r 2 using Eq. (29) with a = 0 (in practice we did not see a strong dependence on a). Notably, in both cases, extrapolation to infinite resolution and infinite observer location leads to values within 0.1% of the correct value as inferred by the horizon measure.
A similar behavior is observed in the computation of the angular momentum radiated as displayed in Fig. 2 . For the first panel with the 'Raw' waveforms we see that increasing the finite-difference resolution leads to extrapolated values further apart from the horizon measure derived as the difference of the final spin of the black hole [47] to the initial total ADM angular momentum (denoted by the thick straight line). Using the perturbative 1/r and 1/r 2 extrapolations before the calculation of the angular momentum, as shown in the middle and left panels, leads to flatter curves with observer location and exhibits convergence toward the correct value with increasing finite-difference resolution. In both cases, the extrapolation to both infinite resolution and infinite observer location leads to predictions within 0.1% of the expected value. The importance of the extrapolation formula is that this can also be achieved with information from a single finite observer location. Finally we also compute the linear momentum radiated by the system and display the results in Fig. 3 . The first observation is that we do not have a very accurate measure on the final horizon for the recoil velocity to use as a reference value (although, see the work of Ref. [48] ). However, based on the extrapolated values we estimate the recoil velocity to lie in the range 372 − 373km/s. We then observe that at a given finite value of the observer, particularly for those closer to the sources, the perturbative extrapolations values lie closer to the expected recoil. The curves also look flatter indicating the internal consistency of the extrapolation process. In order to produce a reference waveform that we may consider the best extrapolation and hence approximation to the exact waveform in Fig. 4 , we took the highest resolution run and used the ten extraction radii we have to extrapolate the waveform in time using a 2nd order fitting polynomial in 1/r. We extrapolated the amplitude and phase after shifting the time by the tortoise radius for each extraction radius. We then can compare the amplitude and phase of this extrapolated waveform to a finite radius waveform (R obs = 190M , our largest extraction radius), and to the waveforms produced by using the 1/r and 1/r 2 order perturbative extrapolations (without the terms depending on the spin). The results are displayed in Fig. 5 which shows the benefits of using our formulas to approximate the waveform phase and amplitude at infinity. Note that given the different dependence of the phase correction (1/r as shown in Eq. (11)) and the amplitude correction (1/r 2 as shown in Eq. (10)) the phase and amplitude show further improvements by including the second order corrections. This is more explicitly displayed in Fig. 6 , that summarized the averaged differences. ( , m) = (2, 2) mode of the raw (NR) and first (EX1) and second (EX2) perturbative extrapolated waveforms as a function of radius versus the waveform extrapolated to infinity. Displayed is the mean of the % difference between perturbative and extrapolated for each radii for the amplitude and phase for the times between 400M and 800M .
VI. DISCUSSION
In this paper we describe a procedure for extrapolating the waveform at finite radius to infinity as a power series in 1/r. We provided the complete 1/r correction to the waveform in Eq. (30) , including the spin terms in the background. We have also found it important to include the leading terms in 1/r 2 in the extrapolation formula as given in Eq. (29) . We have tested the extrapolation formula's properties in a typical full numerical simulation of a black-hole binary, where we can verify the behavior of the extrapolation with different observer locations and finite-difference resolutions. In numerical simulations where the typical wavelength is relatively small compared to the boundaries of the simulation, the perturbative extraction provides at least a way of verifying the accuracy and consistency of the waveforms and radiative quantities such as the total energy and linear and angular momenta. In situations where it is extremely costly or inaccurate to extract at distances of two gravitational wavelengths from the sources (rule of thumb for the radiation zone), this method provides a crucial technique to evaluate waveforms and radiated quantities. In particular, we have seen that it is only the extrapolated waveform that converges with increasing resolution to the correct values and that extrapolation to infinite resolution of a finite extraction waveform can lead to a worse approximation. Although, for far enough location observer and resolution these two extrapolation processes eventually tend to commute.
The second order correction provided in Eq. (29) could be useful in situations where we have extended sources or one needs extreme resolutions near the sources and the simulation grid cannot reach the radiation zone. It also provides an independent way to estimate the errors of the first order extrapolation formula Eq. (30) by looking at the differences produced by these two extrapolation formulas.
